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A FUNCTIONAL FORM ANALYSIS OF THE DEMAND
FOR REFINED PETROLEUM PRODUCTS
Albert L. Danielsen* and Mangi L. Agarwal**
*Market Structure & Regulations Division
Office of Microeconomic Impact Analysis
Office of Economic Impact Analysis
FEDERAL ENERGY ADMINISTRATION
**Sangamon State University
Abstract
This study uses the functional form technique of Box and Cox to explore the demand
for gasoline, distillate fuel oil, and residual fuel oil.
The ideas expressed in the paper are those of the author(s) and do not necessarily
represent opinions or policies of the Federal Energy Administration.
I.

INTRODUCTION

This study focuses upon the demand for gasoline (g),
distillate fuel oil (d) and residual fuel oil (r),
and is thus a study of the demand for the principal
refined petroleum products.

The stable and legally sanctioned system of prora
tioning inaugurated in the United States around
1935 resulted in crude oil prices which were suf
ficiently high to ensure that adequate supplies
were available to meet the "market demand" (4,1641.
Indeed, until at least the Tehran-Tripoli:
Agreements of 1971 and especially the embargo of
October, 1973 the problem from the standpoint of
the regulatory authorities was not a problem of
shortages but of "excess supplies." These were
typical "excesses at a price" so that the supply
schedule for crude oil should be considered per
fectly elastic at prices prevailing during this
time period.

Gasoline is mostly used in cars, trucks and buses
for transport; distillate fuel oil is used in house
holds and in the commercial sector for heating, but
also in the transport sector-trucks, buses, railroad
engines, and in industrial equipment (i.e., as
deisel fuel); and residual fuel oil is used exten
sively as a boiler fuel in the industrial sector and
for the generation of electricity. These inter
relations are exceedingly complex and therefore this i The perfectly elastic supply assumption is even
paper should be regarded as exploratory rather than more plausible in the case of refined petroleum
products since they are produced jointly and the
definitive.
refinery slate may vary within wide ranges. Thus,
even in the short run, the supply of a particular
The study is organized along the following lines:
derivative product is more elastic than the supply
Section II describes the functional form used to
of crude oil.
analyze the complex interrelations; Section III
presents the empirical findings and Section III is
It follows directly that the supply of each re
a brief conclusion.
fined product should be considered perfectly
elastic and that a recursive system of the Wold
II. FUNCTIONAL FORM ANALYSIS
[5] type may be a realistic representation of the
market for refined petroleum products during the
The problem of identification must be faced in
period 1949-73. This is essentially the argument
every demand study; if the supply of a particular
used by Balestra and Nerlove to justify the use of
refined product is perfectly elastic then the
a single equation demand model for natural gas(11.
observed relations between price and quantity are
points on the demand schedule; otherwise they may
A second problem which must be faced in the func
represent supply. The institutional structure
tional form which best represents the demand func
peculiar to American crude oil production and
tion. In most demand studies the functional form
international trade, combined with a competitive
is assumed to be either linear or log linear.
refining industry and the fact that the "refinery
These are actually special cases of the general
slate" for refined products may vary within wide
transformation of variables of Box and Cox (21
ranges suggests that the supply of refined petro
in which ,
,
,
leum products was perfectly elastic during most
(qft - D A = Bo + B-| (yk -1)A + B2(p$ - D A
of the period 1949-73. This assertion is sub
stantiated in the following paragraph.
+ Bj3(qjt - D A + B^q-jq -l"1)/A
(1)
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where qit represents per capita consumption of the
refined product in the
time period; yq repre
sents real per capita income, p^t denotes the price
of the ith product, Pjq is the price of a compliment
or substitute product such as coal, natural gas,
and/or electricity, and A is the functional form
parameter to be estimated. Equation (1) is linear
when A equals one and loglinear as A approaches
zero. Since there is not an a priori economic
rationale for assuming the correct value of A is
either zero or one, the procedure generally adopted
is to estimate the value of A over some range such
as -3.0 - 3.0 at intervals such as 0.1.

The own price elasticity of demand is:

And the cross price elasticities of demand are:
vij = Bj 3 ^ Pjtj ,

(6)

All of the elasticity estimates presented are
estimated at mean values. The expected value of
a-j < 0 and the expected value of niy > 0 for all
refined products. Two products areJclassified as
substitues if v. • > 0, and compliments if v.jj < 0.
Introducing a stochastic disturbance term into
Since each refined product is a substitute for each
equation (1) and assuming it is normally and addiof the other refined products in production (and
tively distributed then the maximum logarithmic
to a lesser extent in consumption) the inclusion
likelihood method can be used to determine the
of one refined product in the demand equation of
optimal value of A [2; 6 1. This equation may be
another would reintroduce the problem of identifi
expressed as:
cation and require trend and cycle adjustments in
Lmax (A) = -n log s(A) + (A-l) X ^ log q^t (2) the data to mitigate problems of multicollinearity.
Therefore, cross price elasticity estimates are
restricted to distillate and residual fuel oil and
where A is^the estimated value of A, n the sample
to natural gas'(N), electricity (E), and coal (C).
size, and s (A) the estimated regression residual
Distillate fuel oil (d) is assumed to be a sub
standard zero of equation (1) with a disturbance
stitute for natural gas and electricity in the
term.
home heating sector so that
> 0 and
> 0.
Using the likelihood ratio method, an approximate
Residual fuel oil (r) is a substitute for natural
95 percent confidence region of A is obtained from
gas and coal but is used as a boiler fuel to
generate electricity; thus vr^ > 0 and
> 0,
Lmax (A) - Lmax (A) < 1/2 t 2(i )(.05) - 1.92 (3) but
< 0. The various hypotheses concerning
n, a,and v are summarized in Table 1.
The 95 percent confidence region of A is used to
determine the optimal functional form in investiga
III. EMPIRICAL TESTING AND RESULTS
ting the demand relations for each refined petro
leum product.
Monthly data on each variable for the time period
1949-74 Were obtained from the Survey of Current
The goodness of fit, first order correlation, and
Business. The quantity of each refined product
Durbin-Watson "d" or "h" statistics as well as the
was expressed in gallons per capita (seasonally
standard error of the Beta coefficients will be
adjusted using the X-ll program), income in real
examined at the optimal value of A and compared to
dollars per capita (1967 base), and prices in
the log linear and linear equations.
real dollars per gallon (1967 base). The price
of coal was per ton of bituminous and of natural
The analysis is carried out over a range of from
gas and electricity per thousand cubic feet and
-3.0 to 3.0 at intervals of 0.1. Although time con kwh (kilowathour) respectively-.
suming, this procedure provides a trace for each
statistic and parameter and thus allows one to
The statistics and parameters for each refined
examine their sensitivity to small changes in A.
product were estimated by OLS with the value of A
specified for -3.0 to 3.0 at intervals of 0.1.
Converting the Beta coefficients of equation (1) to
The estimated parameters of equation (1) for each
elasticities facilitates discussion and comparison
of the refined petroleum products are listed in
among alternative values of for a particular prod
Table 2, and estimated elasticities are presented
uct, and among the four refined products themselves.
in Table 3. The following analyses are based on
The income elasticity of demand for the ith refined
the results presented in these tables and upon
product is simply
the more voluminous results of one hundred and
eighty equations, sixty of each refined product
(4)
= B
H
evaluated at -3.0 < A £ 3.0.
niy
q it/
1. Gasoline
The functional form analysis indicates that a
double logarithmic demand equation is appropriate
for gasoline. The estimated optimal value of A
(C) is 0.0; the R2 coefficient is 0.939; all of
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the Beta coefficients are of the right (as expected
on a priori considerations) sign and significant
at the .05 level; and both the short and long run
income and own-price elasticity estimates appear
reasonable. The Durbin-Watson statistic is low.
Autocorrelation indicates that at least one im
portant independent variable has been omitted from
the equation. This problem was not persued but it
may be observed that the empirical results reported
here are almost indentical to estimates found by
Houthakker, Verleger and Sheenan [3 ].
2.

Distillate Fuel Oil

The demand equation for distillate fuel oil evalu
ated at the maximum likelihood value of £ = -0.3 is
significantly different from both 0.0 and 1.0.
go is quite sensitive to the value of A < 0.3 and
much less sensitive at values of A > 0.3. In fact,
the equation evaluated at A = 0.3 appears satis
factory in nearly all respects: the R2 coefficient
is .971; all of the Beta coefficients are of the
right sign and with the exception of electricity
(§r) all are significant at the .05 level; the in
come and own-price elasticity estimates are rela
tively inelastic as expected.

§E3 indicates that the consumption of residual
fuel oil was not significantly affected by the
price of electricity during 1949-74.
IV. CONCLUSION
The empirical estimates reported in this study
have been derived from extensive tests using time
series data for the United States. A comparison
of Tables 1 and 3 shows that only one of the
eleven null hypotheses actually tested can be
rejected because the sign is wrong. Natural gas
and residual fuel oil are substitutes but on the
basis of our parameter estimate, they would be
labeled compliments. An explanation for this has
already been offered.
The income elasticities are all positive and the
own-price elasticities were all negative in the
models finally selected. Additional work is
required to determine if serial correlation has
contaminated some of the empirical results and
additional estimates using different values of A
on the dependent and independent variables should
be explored. This is the'subject of ongoing
empirical research.

The cross-price elasticity figures show that natural
gas and distillate fuel oil are substitutes although REFERENCES
not very close ones. The lack of significance for
§E3 indicates that the price of electricity during
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Section and Time Series Data in the Estimation
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sumption of distillate fuel oil.
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3. Residual Fuel Oil
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C > 0 at values of A < 1.2 and declines toward a
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The Johns Hopkins Press, 1971.
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not carried beyond A = 3.6.
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all of the Beta coefficients are of the right sign
for Money," Journal of American Statistical
and again except for electricity (§E3)> significant
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at the .05 level; the income and own-price elasticity
estimates are even more inelastic than for distillate
fuel oil. the cross-price elasticity estimates show
that coal and residual fuel oil are substitutes but
not significantly close ones in either the short or
long run; natural gas and residual fuel oil are
compliments according to the sign of B^, but a
better interpretation may be that natural gas is
serving as an index of commercial and industrial
activity; and the lack of significance of
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Ta b le 1

Hypotheses About Income (n), Price (a)
and Cross (x) Elasticities of Demand for Refined Products
Refined Products

Income

Own-Price

Cross Price
Natural Gas Electricity Coal

n

a

xN

tE

tC

Gasoline (g)

>0

<0

a

a

a

Distillate (d)

>0

<0

>0

>0

a

Residual (r)

>0

<0

>0

<0

>0

aNot specified and will not be tested.

Table 2
Estimated Functional Form Coefficients Related Results For
Refined Petroleum Products, United States, 1949-74*
X

h

®1

®2

®N3

^E3

§
C3

g4

Gasoli ne

0.0

0.5246
0.1613 ■-0.1612
(.0001) (.0001 ) (.0006)

Distillate

0.3

0.9898 0.0415 ■-0.1746
(.0001) (.0001 ) (.1.070)

Residual

2.0 76.2432
0.000
-492.73 -0.0076
-3399.49 0.5376 0.4096
(.0001 ) (.0001 ) (.1315) (.0001 ) (.5406) (.0001 ) (.0001 )

0.0455
(.0123)

Values in parentheses show probability in the tail.
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0.0659
(.9182)

R2

D-W

0.3998
.939
(.0001 )

1.01

0.2748
.871
(.0001 )

1.56

.721

1.63

Ta b le 3

Income (n), Price (0) and Cross Price (x) Elasticities of
Demand for Refined Petroleum Products, United States 1949-74

Refined
Products

Elasticities
Income

Own Price

Natural Gas
xN

Cross Price
Electricity

Coal

n

q

0.161
0.268

-0.161
-0.268

Short Run

0.228
(0.243)

-0.041
(-0.041)

.070

.003

Long Run

0.335
(0.335)

-0.060
(-0.057)

.096

.009

Short Run

0.117
(0.1244)

-0.037
(.0239)

-0.176

-0.009

0.131

Long Run

0.307
(0.2017)

-0.097
(0.0405)

- .298

-0.014

0.223

tE

tC

Gasoline (q)
Short Run
Long Run
Distillate (d)

Residual (r)
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Figure 1

Sensitivity of Income and Price Elasticities to the
Value of the Functional Form Parameter [ ;J
Residual Fuel Oil, 1949-74
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